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Abstract 



Very recently, it was shown by Ghosh , Kar, Roy and Sen (Entanglement vs. Noncommutativity 
in Teleportation, iuant-ph/0010012) that if it is a priori known that the state to be teleported 
is from a commuting set of qubits, a separable channel is sufficient. We show that 1 ebit of 



entanglement is a necessary resource to teleport a qubit even when it is known to be one of 
two noncommuting states. 



Quantum teleportation is a process by which an exact replica of an unknown qubit surfaces, 
without being physically transported, at a possibly distant location while all information about 
the qubit vanishes at its original location. The last phrase is a necessity by virtue of the no-cloning 
theorem ||. 

A protocol realising this was proposed by Bennett et aZ.(BBCJPW)|§[ which required a maximally 
entangled channel between the sender say, Alice and the receiver say, Bob. It has been shown in 
refs.|| ||, that teleportation of an unknown (i-dimensional state (not necessarily a qubit) requires 
maximal entanglement in d®d between the sender and the receiver (See also fl5|]). Henceforth we 
consider only qubits. 

But what if some a priori information is available about the qubit which is to be teleported? Would 
it then be possible to teleport that qubit through a non-maximally entangled channel? Ghosh et 
aZ.J|] have shown that even to teleport any set of two noncommuting qubits, entanglement of the 
channel is necessary. Here we show that if the state to be teleported is known to be one of two 
noncommuting qubits, the channel must be maximally entangled in 2 <g) 2, i.e., the sender and 
receiver must share 1 ebit. In ref.||| it was shown that a separable channel is sufficient to teleport 
qubits (generalized to qudits in ref. J(|) which are a priori known to be commuting. 

First of all we show that even if the qubit to be teleported is known to be one of two non-orthogonal 
pure qubits, the channel must be maximally entangled in 2 £5 2. Suppose that a source delivers a 
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particle (call it particle 1) in the state |xi) or \\2) to Alice, where |xi) and \x2) are arbitrary but 
fixed non-orthogonal qubits. Alice has the task of teleporting the delivered qubit to a possibly 
distant party Bob, by using only local operations and classical communication and any shared 
state p^ 2 as channel. Here A is with Alice whereas B and 2 are with Bob, 2 being the particle 
at which the teleported state is to surface. 

Whatever local protocol Alice and Bob adheres to, it can be represented as 

(\Xj) (Xjl) 1 ® pT - E A * ® B i(\Xj) (Xj\Y ® PTA ® B\ (j = 1, 2) (1) 

i 

where ® B\)(Ai ® B{) = I, A^s being operators on the Hilbert space of Alice's particles 

and -Bi's on Bob's. 

Now pfij 32 may be thought of as traced out from some pure state \^) AB2M where M is an ancilla 
M. So now the protocol may be written as 



P 



Xj) 1 ® m AB2M -^J2 A *® B *® lMp lx,> 1 ®l*)' 4iJ2M 4®B\®I M (2) 



where I is the identity operator on the Hilbert space of the ancilla M. Now for any such protocol, 
there always exists a unitary operator U on the combined Hilbert space of 1, A, B, 2, M and the 
environment E which executes the transformation 

IX,} 1 ® m AB2M ® |0) £ -X)(4®2%® I M fe} 1 ® l*) AB2M ) ® K> £ (3) 

so that tracing over the environment, we recover the transformation (2) ||. |0) is a standard state 
and the \i)'s are mutually orthonormal states of the environment. 

Since |xi) and |x2) are non-orthogonal and as the teleported state which is to surface at particle 
2 is pure, we must have 

U\xi) ® I*} ® |0) = [xi> ® I* } 

^1X2) ® I*} ® |0) = 1X2) ® |* ) 

for some state |^'). 
Now if 

Ix) = a i \Xl) + a 2 IX2) 
where a\ and 02 are arbitrary comclex numbers satisfying (x |x) — 1) then 

U Ix) 1 ® |*) AS2M ® |0) £ = |x) 2 ® |*') 1ABM£ (4) 

so that |x) is also teleported by the same protocol and channel which teleports |xi) and |x 2 ). But 
|x) is an arbitrary qubit. And teleporting an arbitrary pure qubit requires maximal entanglement 
as was discussed in ref . J5) , using a result of ref.j3|. Thus if the state to be teleported is one of two 
known non-orthogonal pure qubits, the channel must be maximally entangled in 2 ® 2. 

Next consider the case when Alice has the task to teleport a state which is known to be one of 
the two noncommuting qubits p\ and pi. As before, any local protocol which Alice and Bob may 
choose can be represented as 

P) ® PT - E A *® B tPj ® Pck B2A l ® B t V = 1> 2 ) (5) 

i 

where ]T\(4 ® B\){A t ® B t ) = I, Ai's being operators on the Hilbert space of Alice's particles 
and Si's on Bob's. 
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Now if pi and P2 are to be teleported by this protocol, we must have 

Tr lAB M ® B iP ) ® p^ 2 A\ ® B]\ = p) (j = 1, 2) (6) 

Since p\ and p2 are noncommuting qubits, there (uniquely) exist two non-orthogonal pure states 
\ip) and |0) such that 

9i = X j (i/>\ + (1 - A,-) |0) (0| (j = l,2) (7) 

where < A 3 < 1 and Ai ^ A2. We call these (i.e., and |0)) the "extreme" states corresponding 
to pi and P2-|§ Therefore 

XjTriAB [J2 A > ® B *(^> (V-D 1 ® ® St] 



+ (1 - AiJTri^ ( £ Aj ® 5,(10) (0I) 1 ® p? h B2 A\ ® s]J 
= A i (^> (V|) 2 + (1-A,-)(|0) (0|) 2 

which may be rewritten as 

Aj [TriAB {j^AitoBiW) (VI) 1 ®pi B2 4 ® s/j - (V|) 2 

-Tr 1AB ^ A, ® S,(|0) (0I) 1 ® pi S2 4 ® 5^ + (|0) (0|) 2 ] 

+ [7Y 1AS ^ A, ® 5,(10) (0I) 1 ® pi S2 Al ® 5^ - (|0) (0|) 2 ] = 
Since Ai 7^ A2, we must have 

and 

(» 5,(|0) (0I) 1 ® p^f 2 Al ® 5M = (|0) (0|) 2 



TriAB \ A, 



Thus if we assume that two noncommuting qubits are teleported by some protocol and through 
some channel p c h, then the corresponding "extreme" non-orthogonal pure qubits are also teleported 
by the same protocol and through the same channel. 

But we have already proved that to teleport non-orthogonal pure qubits, a maximally entangled 
channel is necessary. Thus a maximally entangled channel in 2<g>2 is necessary even if the teleported 
state is known to be one of two noncommuting qubits. 

In ref.j5| it was shown that if Alice has the task of teleporting (to Bob) a qubit (generalized to 
higher dimensions in ref.J(|) which is a priori known to belong to a commuting set, then a certain 
classically correlated channel (between Alice and Bob) is sufficient. It was further shown that if 
Alice has to teleport a qubit known to be one of two arbitrary but fixed noncommuting qubits, 
then the channel between Alice and Bob must be entangled. We show here that in the latter case, 
the amount of entanglement must be 1 ebit. 

U.S. thanks Dipankar Home for encouragement and acknowledges partial support by the Council 
of Scientific and Industrial Research, Government of India, New Delhi. 
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